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1. (a) Prove that the order of a permutation of a
finite set written in disjoint cycle form is the

least common multiple of the lengths of the

cycles. (7.5)

(b) (i) Let S_denote the symmetric group of degree
n. In S,, find elements o and B such that

jaf=2, [Bl=2 and |af|=3.

(i) Let B € S, and B* = (2 143 56 7). Then

(c) (i) Give two reasons to show that the set of

odd permutations in S_is not a subgroup of

S

n

(i) Define even and odd permutations and show

that the set of even permutations in S_ is a

subgroup of § . (3, 4.5)
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2. (a) (1) Let a be an element in a group G such that

o

la| = 15, Find all left cosets of <215> n <a>.

(11) State and prove Lagrange’s theorem.

(3,4.5)

(b) Suppose that G is a group with more than one
element and G has no proper, non-trivial subgroups.

Prove that |G| is prime. (7.5)

(c) Let C* be the group of non-zero complex numbers
under multiplication and let H = {a + bi € C*

a2 + b? = 1}. Give a geometrical description of
the coset (3 + 4i)H. Give a geometrical description

of the coset (¢ + di)H. (7.5)

P.T.0O.
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3. (a)
(b)
(c)

(1)

(1)

(1)

(i1)

(i)

4
Let G be a group and H be its subgroup.
Prove that if H has index 2 in G, then H is

normal in G.

If a group G has a unique subgroup H of
some finite order, then show that H is normal

in G. (3,4.5)

Prove that a factor group of a cyclic group is

cyclic. Is converse true? Justify your answer.

Let G be a group and let Z(G) be the center
of G. If G/Z(G) is cyclic, then show that G

is Abelian. (3.4.5)

Let ¢ be a group homomorphism from group
G, to group G, and H be a subgroup of
G,. Show that if H is cyclic, then ¢p(H) 1s

cyclic.



1083 5
(i) How many homomorphisms arc there from

7’ L7 r s
“yg 10 7 How many arc there onto /N

(3,4.5)

4. (@ () Suppose that ¢ is a homomorphism from U(30)
to U(30) and Ker ¢ = {1,11}. If ¢(7) = 7,

find all the elements of U(30) that map to 7.

(i1) Let ¢ be a homomorphism from a group G,
to group G,. Show that ¢(a) = ¢(b) iff aKer

¢ = bKer ¢. (3,4.5)

(b) (1) Is U(8) isomorphic to U(10)? Justify your

answer.

(ii) Show that any infinite cyclic group is
isomorphic to the group of integers under

addition. (3,4.5)

P.T.O.



6
1083

() If ¢ is an onto homomorphism from group G, to
e ;
agroup G,, then prove that G,/Ker ¢ is isomorphic
to G.. Hence show that if G, is finite, then order

of G, divides the order of G,. (7.5)

5. (a) Let G be a group and let a € G. Define the inner

automorphism of G induced by a. Show that
the set of all inner automorphisms of a group
G, denoted by Inn(G), forms a subgroup of
Aut(G), the group of all automorphisms of G. Find

Inn(D,). (7.5)

(b) Prove that the order of an element in a direct
product of a finite number of finite groups is the

lcm of the orders of the components of the

clement, ie., (g, g, ..., g,)| = lem(|g |, |g,|

9 eeey

g,/). Also, find the number of elements of order

7 in Z49 ® Z7' (75)
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(¢) Without doing any calculations in /—\ut(Zm),

determine . .
nme how many elements of Aut(Z have

105)

order 6. (7.5)

6. (a) For any group G, prove that G/Z(G) = Inn(G).

(7.5)

(b) Define the internal direct product of a collection
of subgroups of a group G. Let R* denote the
group of all nonzero real numbers under
multiplication. Let R* denote the group of all
positive real numbers under multiplication. Prove

that R* is the internal direct product of R* and

the subgroup {1, -1}. (7.5)

P.T.O.
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(¢) The set G = {1,4,11,14,16,19,26

Ty ’ ’ > ) ,29 31 34 41 4
’ b b] b} 4}

is a group under multiplication modulo 45. W
. Write

G as an external and an internal direct prod
_ roduct

of cyclic groups of prime-power order

(7.5)

(2000)

-
> w=y
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1. (3) Findﬂ the upper and lower Darboux integrals for f(x) = x? on the interva] [0, b] and show that
b2 ?
fo =3 )
(b) Let f be a bounded function on [a, b]. If P and Q are partitions of [a, b] and PSQ,
then prove that
_ L(P) < LA Q) <UL Q) S UG P)
(c)Let f:[a, b] = R be a bounded function on [a, b]. Prove that if / is integrable on [a, b], then for each

€ > 0. there exists a partition P of [a, b] such that
U(f,P)—L(f,P) <€

(d) Let f(x) = 2x + 1 over the interval [0,2]. Let P = {0,%. 1,2, 2} be a partition of [0,2] . Compute
U(f,P), L(f,P) and U(f,P) — L(f,P).

2. (a) Let f be an integrable function on [a, b]. Show that — f is integrable on [a, b] and
b

feﬂ=—ff

a

(b) Let £: [0,2] R be defined as
1, if x is rational

fe)= {—1, if x is irrational
Calculate the upper and lower Darboux Integrals for fon the interval [0,2]. Is fintegrable on [0,2]?
(c)Let f:[a,b] o R bea bounded function. Show that if fis integrable (Darboux) on [a, b], thenitis

Riemann integrable on [d, b].
(d) For a bounded function fon [a,b]
Riemann's definition of integrability.

, define the Riemann Sum associated with partition P. Hence, give

3. (a) Prove that every bounded piecewise monotonic function f on [a,b]is integrable.

b b
(b) Show that if a function f is integrable on [a, b], then |f] is integrable on [a,b] and | fa fl=s fa |f].

a,b] and if [” f = 0, then prove that £ s identically

(c) If f is a continuous, non-negative function on [ 1
[01] for which fo f=0.

0 on [, b]. Give an example of a discontinuous non-zero function f on

(d) State and prove Fundamental Theorem of Calculus I



4. (a)lfu and v are Continy .« functions on [a, b] that are differentiable on (a,b), and u’ and v'are
b ;o _ >
integrable, prove that Jouv' + f: u'v = u(b)v(b) — u(@)v(a). Hence evaluate [T xcosx.

(b) Use the Fundamental The o of Caleulus to calculate limy o 2 f 0" et dt.
[a, b]. For x in [a, b], let F(x) = f:f(t)dt. Then show that F is
0, t<0
t,0<t<1,
t>1

(c) Let f be an integrable fynction on

uniformly continuous on [q, b]. For flx) = {

(i) Determine the function F(x) = [ f(£)dt
(ii) Where is F continugyg?
0,t<

(d) For t € [0,1], define F(t) =)
1,t=

and let f(x) = x2,x € [0,1]. Show that f is

NIRr N

F-integrable and that fo1 fdF = f G)

5. (a) Find the volume of the solid generated when the region enclosed by the curves
X = \/; and x = y/4 is revolved about the x — axis.
(b) Use cylindrical shells to find the volume of the solid generated when the region
under y = x? is revolved about the line y = —1.
(c) Find the exact arc length of the curve x = %(y2 +2)3% fromy=0toy =1
(d) Find the area of the surface that is generated by revolving the portion of the curve
y = x? between x = 1 and x = 2 about the y — axis.

6. (a) Discuss the convergence or divergence of the following improper integrals:

. 11 oo +00
o Jy Zdx i [ eFdx
(b) Find the value of r for which the integral ) 01 x~" dx exists or converges, and determine the value of

the integral.
(c) Show that the improper integral ) 1°° S;# dx converges absolutely.

(d) Define the Gamma function I'(m). Prove that I'(m) converges if m > 0.
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1. Attempt any 6 parts. 2.5%x6=15

(a) How do you find the mean and standard
deviation of elements in a NumPy array ?

P.T.O.
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(b)

(c)

Consider the list, list 1 = [1, 2,4, 5,7, 8, 3].
Write python code to reverse the elements
of the list 1. Also find the length of the
list 1.

How do you identify the data type of elements
in a NumPy array ?

2 3
Consider an array, array 1=| 8§ -6 |, extract
-3 4

§ -6
an array (_3 4] from array 1.

What is range function in NumPy ? Use it to
generate first five natural numbers.

Use pretty printing to print the following
expression.

d(x2 +2X + 3)
dx

Write a SymPy code to find the indefinite

integral of the following function with respect
to x.

f(x)=sinx +cos x
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(h) Write a SymPy code to find the limit of

2. Attempt any 3 parts.

following function :

sin X

lim
x>0 X

5x3=15

(a) Using turtle graphics, write a python code

(b)

that draw 100 squares turning right 10
degrees after each square complete.

Write a python code to plot the functions
y, =sinx.y, =sin2x in a single plot. The code
must include the following requirements :
(i) Legends, grid and a title of the plot ;
(ii) Different colour for each function.

Consider an unbiased coin where the
probability of getting head is 2/3 and that of
tail is 1/3 in a toss. Write a python code to

simulate such a coin toss.

Given a 2D array :
a=][[1,2,3],4,5,6],17, 8, 9]]

Use NumPy to

(i) Extract the diagonal elements.

(ii) Calculate the sum of each row.

(iii) Transpose the array.

3 P.T.O.
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4.
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(2)

(b)

(c)

(d)

(a)

Sx3=15

Write a python code using NumPy to find the
istic polynomial, eigenvalues and

eigenvectors for the given matrix A

1 3 0
A=|1 -1 0
2 2 2
Use lambda to evaluate the following function
atx=0.

2x% +1
g(x):\l 3x -5

Use SymPy to write the following expression
and later to evaluate the same.

j(log(x))z dx

Use SymPy to print the first order and second
order derivatives of the following function.

Also evaluate f'(0) and f"(1) for a = 1.

f(x)=2sin(mx)+5¢™ +x2

Attempt any 3 parts. 5x3=15

Create a 2 by 2 grid of subplots to plot the
following 4 functions :



(b)

(d)
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Yy, =X
y, = %°
Y =X
y,=(1+x)?*

where x = np.linspace (0, 4, 200).

What output will the following code produce :
import numpy as np

arrl = np.array([[ 1, -1, 3], [4, =3, 6]])

arr2 = np.array([[7, 0, 9], [5, 1, 10]])
print(np.concatenate(arrl, arr2], axis=0))
print(np.concatenate([arrl, arr2], axis=1))

Write a SymPy code to find the critical points
of the following function and print the points
of local maxima and minima.

2
f(x)= x? —3x3

Write a SymPy code to solve the following
second order differential equation

2
d y+2£ll+y:0

>  dt

with the given Initial condition, y(0) = O.

S P.T.O
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o
5. Attempt uny3pultb. .
) Write a SymPy code to factorize the
(a) Vv : \

expression Gooxt X =6 and to expand

(X+ _\’)‘1 :
(b) Write a python code for the following :
(i) Using SymPy, find the series expansion

T
of sin(x) around X =4 UP to the order

(ii) Define a recursive sequence where each
term depends on the previous two terms :

aﬁ = an—l +2x an—2
with initial terms a,=1land a, =2.

(c) Write a NumPy code to solve the following
system of linear equations using the inverse
of coefficient matrix

2X_5y+3Z:8
3X-y+4z=7
X+3y+27=-3

6
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(d) Write a SymPy code to find the following limit :

l n
hm| [ +—
n—o0 n

6. Attempt any 3 parts.

(@) Write a SymPy code to obtain and verify the
solution of the following system of linear

equations :
2x+3y=7
4x -y =95
For the given matrix :

3 2 4 -2
5 3 -3 -2
15 2 2 2
5 2 3 3

5x3=15

Write a python code using SymPy to perform

the following operations :

(i) Create the matrix A and find its order.

(ii) Find the eigenvalues and eigenvectors

of the matrix A.

(iii) Find the determinant and transpose of

the matrix A.

P.T.O.
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(c) Write a python code using pandas to create
a data frame with the following data by
reading as CSV file with the following
columns : Name, Age and City.

Player Age Runs
X 25 80

B 24 110
C 29 145
b 21 62

(i) Display the first row of the data frame.

(ii) Add a new column called Innings to the
data frame with the following values :
A:30,B:45,C:42andD:17.

(iii) Sort the data frame by Age in the
ascending order.

(d) Write a python code using PyLaTeX to create
a simple LaTeX document with a title,

section and a single inline math expression
for the area of the circle.

2
A=nr

*kk

8 1000
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. (a) A farmer purchased 100 head of livestock for a total cost of $4000. Prices were as

follow : calves $120 each; lambs $50 each; piglets $25 each. If the farmer obtained

at least one animal of each type, how many of each did he buy ? 7.5

(b) Define a complete set of residues. If aj, dy ,...... , a, is a complete ste of residues

modulo n and ged(a, n) = 1, prove that aa,, aa,, ....., aa, is also a complete set

of residues modulo ».

7.5
(¢) Solve the linear congruence 17x =3 (mod 2.3.5.7). 1.5
2. (a) State and prove Wilson’s Theorem,

1.5

P.T.O.
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() () Find the unit digit of 3190 by the use of Fermat’s theorem. 3.0
Gy 1f ged(a, 35) = 1, show that a'? = 1(mod 35), 4.5
(c) Prove that it n = pl*'l ) P:z--m plr is the prime factorization of n > 1, then the positive

(LI)

(b)

©

(a)

(5)

divisors of n are precisely those integers d of the form : 7.5
d:p;l,ng """ P:f where OsaiSki(i=1’2’ ----- 7r).
State and prove the Mobius inversion formula. 7.5

If integer @ have order £ modulo n, then show that a® =1 (mod n) if and only if

kih. 7.5
() Determine all primitive roots of 32. ' - 3.5
(i/) Determine the day of the week Janue“lry 14, 2020. 4.0
State and prove Euler’s criterion. | 7.5

(i)  Use Euler Theorem to show that for any integer a, a3’ =a (mod 1729). 4.0

(ii) Let r be a positive root of the odd prime p. Show that if p=1 (mod 4), then

— r is also a primitive root of odd primes. 3.5

(¢) If n>1 and gcd(a, n) = 1, then show that ¢ = i(mod n). 7.5

(a) If ged(m, n) = 1 where m > 2, n > 2, then prove that mn has no primitive root. 7.5

(b) If p#3 is an odd prime, then show that :

1.5

3/ p)={lif p = * 1(mod12) and -1 if p = + 5(mod12)} .
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(¢) The cipher text ALXWU VADCOJO has been enciphered with the Cipher :

Cl = 4P1 + 11P2(mod 26)

I

3P1 + 8P2(mod 26).

C2 =
Derive the plaintext. 7.5
6. (@) Solve the quadratic congruence 3x2+9x+7= 0 (mod 13). 7.5
(6)  Find the value of Legendre symbols (18/43) and. (- 72/131). 75

5P + 11(mod 26), encrypt the message NUMBER
7.5

(¢) Using the linear cipher C =
THEORY.

1314 i 3
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a
(@) Let G=1{( ):aer~ (0}}. Show that G is
an Abelian group.

P.T.O.
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"
(b Let G be group and H be a non-emptv subset of
L - )

G. Prove that H s a subgroup of G if

ab ' € H,va,b € H.

Hence prove that H={A € GL(2,R): det A is a
power of 21 1s a subgroup of GL(2. R).

(¢) Define a cychic group. Show that every cvclic
group 1s Abelian. Is the converse true? Justify.
(2x6=12)

(a@) Prove that an Abelian group with two elements of

order two must have a subgroup of order 4.

(b) Describe the group of symmetries of an equilateral
triangle.

(¢) Let G be a group and @ € G.If |a] = n, show that

<a>={ea,a’%....,a" 1} & al = al & n divides
(- ). (2x6'4=13)

(2) Let G = <a> be a cyclic group of order n. Then

show that G = <ak> gcd (k. n) = 1.

/1 23454678
(b) Let a‘(z 1354768) and
_ (1 234567 g
B (1 3876524)
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(1) Write ¢ and B as product of disjoint cycles.

(i) Compute aff and a'l.

(¢) Suppose that a has order 15. Compute all the left
CoSets of < a5 > jp <g >. (2x6=12)

4. (a) Define left coset of g subgroup H of a group G.
Find all the left cosets of H={1,11} in U(30).

(b) (i) Prove that a subgroup H of a group G is
normal in G < xHx ! C H ¥V x € G.
(i) Let H be a subgroup of a group G such that

x?2 €EH Vx€G. Show that H is a normal
subgroup of G.

(c) Leto: ¢:G — G’ be a group homomorphism and
let H be a subgroup of G. Prove that

(1) if H is cyclic, then ¢ (H) is cyclic.

(i) if H is normal, then ¢ (H) is normal in ¢ (G).
(2x6%4=13)

5. (a) Let G be a finite group and H be a subgroup of
G. Show that [H| divides |G|.

P.T.O.



5904 4

(b) Determine all group homomorphisms from

Zy, to Zy, .
(¢) Let H be a subgroup of G and ab ¢ . Prove

that

(i) aH =DbH < a € bH.

(ii) aH=H & a€H. (2x6=12)

6  (a) State and prove the First Fundamental Theorem

of Group Homomorphisms.

(b) Let G be the symmetric group of permutations on
the set {1,2,3..., n}. For each o in G, define

Sgn(c) = {-1, if ¢ is an odd permutation
1, if o is an even permutation.

Prove that Sgn is a group homomorphism. Find

the kernel of Sgn.

(c) (i) Let ¢:G— G* be a group homomorphism.
Prove that the Ker & is a normal subgroup

of the group G.
(ii) Show that : ¢:(R,+) — (R*,.) defined as
$(x) = x% is not a group homomorphism.

(2%6%4=13)

(200)
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